Abstract-A method of moments procedure for accurately resolving the currents on arbitrarily-shaped wire structures using higher order basis functions and higher order (curved) wire segments is presented. An advanced integration scheme for straight wires is modified for use on higher order wire segments. The results demonstrate that fewer higher order bases than the usual ten per wavelength may be used. This approach is expected to facilitate efforts to create algorithms for mesh (h-adaptive) and basis function (p-adaptive) adaptive schemes for arbitrarily-shaped wire structures.
I. INTRODUCTION

W
HEN the thin wire analysis was applied to curved wire segments in [1] , a special procedure was needed to evaluate the self and near-self terms. Since the singularity extraction techniques for straight wires were well developed at the time, it was decided to leverage these algorithms for the singularity analysis of curved wires. The procedure involved associating the singular behavior with a straight segment tangent to the curved source segment, permitting the use of the algorithms for straight wires. However, this approach limited the basis functions to those available in algorithms for straight segments.
Recently, a procedure that avoids the singularity extraction for straight wires was presented [2] - [4] . The approach involves the use of a variable transformation in conjunction with the technique described in [5] . The result is that the logarithmically singular behavior of thin wire kernels may be handled merely by properly selecting the quadrature weights and sample points. Additionally, the new procedure provides a purely numerical approach of essentially arbitrary accuracy while avoiding singularity extraction techniques [6] , [7] and series expansions [8] - [11] . In this paper, the approach in [4] is extended to curved (or higher order) wires using a procedure similar to that used in [1] for singularity extraction. In this case, however, the straight tangent segment is used to determine quadrature rules to be used on the curved segment. The result is a formulation that allows for a general mixture of higher order basis functions and higher order wire segments. A higher order basis function formulation for wires based on [12] is also presented. The results presented demonstrate that the approach relaxes the traditional ten unknowns per wavelength criterion for discretizing a wire structure. Also, the algorithm provides a foundation for creating automatic algorithms for adaptive mesh ( -adaptivity) and basis function ( -adaptivity) schemes for arbitrarily-shaped wire structures.
II. METHOD OF MOMENTS ANALYSIS
The MoM formulation is similar to that in [1] , with modifications taken from [4] to study the behavior of the singularity in the potential integrals. The currents on the wire structure are determined using the electric field integral equation (EFIE), which is given by (1) The excitation may be either an incident electric field or a voltage source. The scattered electric field is expressed in terms of magnetic vector and electric scalar potentials as (2) In homogeneous media, the potentials are defined as (3) and (4) where is the distance between the source and observation points, is the wavenumber of the medium, is the wire radius and is assumed constant on each wire segment, and is a vector directed along the wire axis whose magnitude is the total current on the wire surface . Also, the quantities and are the permeability and permittivity of the 0018-926X/$20.00 © 2006 IEEE medium, respectively. The unknown current on the wire structure is expanded as (5) where is the th unknown current coefficient and is a basis function defined on the wire segments. Substituting , where is a differential arc length along the wire axis and is an angle differential measured about the wire circumference, and (5) into (3) and (4) yields expressions that are written in terms of sums of partial potentials as (6) and (7) where the kernel is given by (8) The expressions in (6)- (8) are similar to those in [4] and will be used to analyze the singular behavior of the integrands. The vector in (6)-(8) is reinterpreted as a vector to a point on the wire axis. This means that is no longer , but is the distance from to a point on the wire's surface with its circular cross section centered at . Also, note that geometrical complexities such as bends, radii discontinuitites, and junctions that can arise at wire segment endpoints are ignored; it is merely assumed that total current is continuous (or, equivalently, that Kirchhoff's current law is satisfied at a junction). Next is a discussion of higher order analysis to evaluate these potentials.
A. Higher Order Wire Elements
The position vector on a wire segment of arbitrary geometry order is represented as (9) where the Silvester-Lagrange polynomials [12] are given by (10) The position vector to the th interpolation point on the wire element is defined by the local indices , where and . The quantities and are the The tangent vectors for a wire segment are defined in terms of these vectors as . The gradient of the coordinate variable is written as (12) where the Jacobian is given by for a wire segment. The height vector is represented as (13) where the magnitude of the gradient is .
B. Higher Order Basis Functions
Referring to the geometry in Fig. 1 , higher order, divergenceconforming basis functions for wires are based on those presented for surfaces in [12] and are defined on a wire segment as (14) where is the basis order, is either 1 or 2, and the index relation is . The polynomial is written as (15) where the modified or shifted Silvester-Lagrange polynomials [12] are given by
The normalizing coefficients are defined as (17) where the vector is the tangent vector parallel to the element axis, and the interpolation point is written as
Finally, the zeroth-order bases in (14) are defined as and (19) The divergence of the wire basis functions is given by (20) where (21) the index constraints remain the same, and the divergence of the zeroth-order basis is given by
As in [12] , a zeroth-order basis is one for which both the basis and its divergence are polynomials complete to zeroth order only.
C. Singular Behavior of Integrand
There are no issues with using (6)- (8) when the source and observation points are not close. However, when the observation point approaches the source point, the wire kernel becomes singular. In the past, the singular part was extracted in some way and evaluated analytically. With the recent transformation presented in [2] - [4] , singularity extraction is no longer needed since the inner integral's integrand is smoothed by variable transformations, whereas the logarithmically singular outer integral may be integrated numerically using the scheme described in [4] .
Although this new formulation is for linear wires, it may be applied to curved wires using a technique similar to that applied in [1] , where the quadrature scheme is developed on a linear segment tangent to the curved segment. Here, however, the tangent linear segment is used to determine the quadrature weights and sample points to be used in the potential calculations. The linear segment is tangent to the source segment at the projection of the observation point onto the source segment axis as shown in Fig. 2 . Since the geometry of curved and tangent segments differ only quadratically with normalized distance from the tangent point, singularity-handling quadrature schemes developed on tangent segments also apply to the corresponding curved segment. Thus, once the weights and sample points are determined, the same quadrature algorithms used to calculate the nonsingular forms of (6)- (8) may be used with the new weights.
To see this, a generalized form of the integrals in (6) and (7) over each segment, given by (23) where represents a basis function (or its divergence) along the axis of the wire, is considered. The right-hand side of (23) appears to be an integration over a linear segment of length with a modified integrand. If the projected observation point on the curved source segment axis is denoted as , then the tangent vector at this point is given by (24) and is the Jacobian at the observation point. The integral on the right-hand side of (23) may be transformed into normalized coordinates using such that
This integral form is similar to that used in [4] for singularity analysis on linear wire segments. A Taylor series expansion of the source vector about the observation point yields (26) and the ratio of the Jacobians is written as (27) which is derived in the Appendix. As the source point approaches the observation point, and in (26) and (27), respectively. Hence, the singularity in the integrand in (25) is unchanged from that of a linear wire segment.
In summary, since the singular behavior of the integrand on the curved wire segment is similar to that on a linear segment, the analysis in [4] may be used to calculate the integration points and weights for use in (6) and (7).
D. Kernel Analysis
The wire kernel analysis used in [4] may be used for curved wire segments. This is done by modifying the expression for in [4] to (28) Note that the tangent vector in (28) is a function of position along the source wire segment, since it is not constant for a curved wire segment.
III. RESULTS
The results presented in this section have been generated using higher order elements of order and higher order basis functions of order that are detailed in previous sections. In all cases, the testing and basis functions are the same (Galerkin testing scheme). Note that the interpretation of convergence for wire antennas excited with a delta-gap voltage source should be based on the current distribution excluding the current near the source, where the imaginary part of the current at the delta-gap source eventually diverges as the subdomain size decreases.
Several wire structures are modeled to validate the approach discussed in this paper. The current on a linear dipole is calculated using higher order basis functions to determine the convergence characteristics. Both the higher order wire segments (elements) and basis functions are tested on a wire loop. A helical monopole antenna is used to demonstrate the capability of simulating a non-planar curved structure. An Archimedean spiral, which has closely spaced wires, is simulated to validate the robustness of the singularity formulation. Finally, a convergence study is performed on a wire loop using different basis orders. All cases suggest improved convergence over the typical ten unknowns per wavelength criterion for linear bases . A 1-meter dipole with a radius of 1 mm is excited in the center by a unit delta-gap voltage source at 300 MHz. The resulting current distributions are shown in Fig. 3 (real part) and Fig. 4  (imaginary part) . The higher order results and were calculated using two elements. These results are compared to converged results generated using 20 elements with elements, 32 unknowns) bases are also shown in these figures. The currents for all cases agree well. A helical antenna is constructed with a wire of radius 0.5 mm [13] . The helix is circular with a 25 mm circumference and a pitch angle of . The antenna is attached to an infinite ground plane using two straight wire elements, each with the same radius as the helix wires. The first straight wire (length 1.25 mm) is attached to the ground plane such that it is perpendicular to the ground plane. The free end of this wire is fastened to the second straight wire, which is 3.9789 mm long and is horizontal to the ground plane. The helix is joined to this wire, forming the complete antenna. A unit delta-gap voltage source excites the structure at the base at 12 GHz. The currents shown in Figs. 7 and 8 are for cases involving 100 linear elements and 20 quadratic elements, respectively, to approximate the antenna (including the antenna image). Data from [13] are also shown in the figures. Good results are achieved with the basis functions (37 unknowns) compared to 99 unknowns with 100 straight elements.
The Archimedean spiral antenna is a particularly challenging problem due to the rapid geometric variation near the center of the antenna and closely spaced wires. The analysis in [1] allowed the number of segments to be reduced when using curved segments instead of linear segments. The intent here is to further reduce the number of segments used by applying higher order basis functions in addition to higher order segments.
A four-arm Archimedean spiral with a spiral constant of 2 mm/rad, wire radius of 0.6 mm, and an arm length of 1.2 m is excited by voltage sources on each arm in a phase pattern that produces the mode three current [1] , [14] . The four spiral arms are modeled using 1200 quartic and 100 quartic segments, respectively. Triangular basis functions are used to determine the current on the 1200 segments with a total of 1199 unknowns. The current distribution is calculated on the 100 segments using basis functions (399 unknowns). The magnitude of these currents is shown in Fig. 9 . The higher order bases produce good results compared to the case. The intensive computations involved in calculating the currents on a spiral antenna provide a good instance for comparing the CPU times between cases (all times were calculated on a Pentium M laptop computer). The times for the four-arm spiral are listed in Table I for three cases: 1200 elements with  and bases, 1200 elements with and bases, and 100 elements with and bases. Note that there is no significant time penalty for increasing the geometry order from to when using 1200 elements. Additionally, the data indicate that there is a significant CPU time savings when using both higher order elements and basis functions. A surface load distribution is placed on the spiral arms, starting 3 m in arc length from the wire endpoints. The load has a -type distribution, where is the distance from the wire ends, similar to that discussed in [15] . The purpose of the load is to absorb the current traveling away from the center, eliminating reflections that contribute to the standing wave illustrated in Fig. 9 . The current distributions shown in Fig. 10 were determined by loading the models used to generate the data shown in Fig. 9 . Again, the higher order bases produce good results compared to the case. A convergence study was done by illuminating a wire loop with a normally incident plane wave at 1 GHz. Using a plane wave excitation eliminates the slow convergence associated with the infinite feed capacitance of a delta-gap source. The loop studied has a 1 m diameter and a wire radius of 5 mm. Each segment has a geometry order of ). The number of segments used was 4, 8, 16, 32, and 64. The error in current is calculated using (29) where is the solution and is the reference solution. In this case, the reference solution is the 64-element, current data. The results from applying (29) are shown in Fig. 11 , where data is presented for basis orders from 0 to 6. Note that as increases, the convergence improves, demonstrating the possibility for using fewer elements with higher order bases. For example, according to the data from the figure, using 32 ele- Fig. 11 . Convergence of the current on a wire loop (modeled with q = 6 elements) for different basis orders at 1 GHz. ments with will yield an error two orders of magnitude less than using 64 elements with for the same number of unknowns (192).
IV. SUMMARY AND CONCLUSION
A method of moments formulation using higher order wire segments and basis functions for calculating the currents on arbitrarily-shaped wire structures is presented. This approach leverages recent novel advances in techniques for evaluating the integrable singularity of the kernel. The results indicate that fewer higher order bases are needed than the usual ten unknowns per wavelength rule of thumb. This approach is expected to help advance mesh ( -adaptive) and basis function ( -adaptive) algorithms for arbitrarily-shaped wire structures.
APPENDIX
Here, the expression for the ratio of the Jacobians is derived. Recall that represents the Jacobian of a linear segment tangent to the curved segment at . The square of the ratio of the Jacobians is given by (30) where is the position along a linear segment tangent to the curved segment and is given by Taking the square root of (32) and applying a binomial series expansion yields (27).
